Abstract. The article describes the approach to modelling of single degree of freedom SMA oscillators by using rheological schemes. Certain sets of rheological components are presented and their influence on the oscillator response is examined. Regarding the field of civil engineering, the devices incorporating SMA elements mostly find applications in mitigation of natural disaster hazards, such as earthquakes. The promising results of applications are possible due to unique properties of SMA, such as shape memory effect (recovering of relatively high strains while material is heated) and superelasticity (recovering of strains upon load removal). The most common approach to the formulation of SMAs constitutive relations is a thermomechanical modelling, in which constitutive equations are dependent on internal state variables. One of the advantages of the phenomenological modelling approach presented in the article is a possibility of formulation of constitutive relationships as a set of explicit differential equations. Such system of equations can be easily implemented in mathematical software or in the commercial FEM codes as a user's subroutines. As an example of numerical application of presented approach, the simple one-dimensional oscillator is used in order to solve the case of forced vibrations of a cantilever with embedded SMA reinforcement.
Introduction
Main fields of the shape memory alloys (SMAs) application in civil engineering are oriented on mitigation of natural disaster hazards, such as significant ground motions related to earthquakes. It can be achieved due to unique characteristics of SMA such as shape memory effects and superelasticity. Shape memory effect is a possibility of recovering from the deformed shape while material is heated. Superelasticity is an ability to return from a relatively high strains to original shape upon a load removal [1] .
The characteristics of SMA are associated with the phase transformation. In case of the shape memory effect phase transformation is a result of heating and in case of superelasticity it is induced by external stresses in isothermal conditions, above certain temperature ( f A ). The hysteretic loop obtained during the uniaxial tensions test [2] is MATEC Web of Conferences 196, 01049 (2018) https://doi.org/10.1051/matecconf/201819601049 XXVII R-S-P Seminar 2018, Theoretical Foundation of Civil Engineering presented in Fig. 1 . At the beginning of the test sample is in austenite phase ( A ) and the load application induces a transformation to the de-twined martensite ( M ). This phase transformation is illustrated as an arrow no. 1 in Fig. 1 . Upon unloading, a reverse phase transformation (arrow no. 2 in Fig. 1 ) occurs and the material is back in original austenite phase. The revers transformation results with full strain recovery [3] .
Fig. 1.
Results of uniaxial tension test of SMA [2] and its numerical simplification.
From the point of view of application of SMA in a field of structural engineering, superelasticity phenomenon is particularly interesting. It is one of the main issues of the material models, used for numerical analysis of structures with SMA applied.
This article proposes a representation of SMA oscillator by rheological schemes. Authors analyse certain sets of rheological components and their influence on the oscillator response. Later, the simple one-dimensional oscillator is used in order to solve the example of forced vibrations of a cantilever with embedded SMA reinforcement.
Oscillators with SMA
Topic of one-dimensional oscillators with SMA where studied earlier, for example by Savi and Braga [4] , Feng and Li [5] , Machado [6] or Sitnikova et al. [7] . All of those authors implemented well known thermomechanical approach to formulation of SMA's constitutive relations. In such an approach, constitutive equations are dependent on internal state variables for example -the martensitic volume fraction (  ) and the transformation strain
The SMA's material model presented by authors of this paper is based on the analysis of the rheological schemes composed of different components. It is a continuation of work of Grzesikiewicz and Zbiciak [8] [9] [10] [11] [12] and Wasilewski and Zbiciak [13] . (2018) https://doi.org/10.1051/matecconf/201819601049
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Basic rheological components
The schematic representation of the SMA oscillator is shown in Fig. 2a , where the phenomenological model of SMA is given as a, so called, black box. The rheological models, that interpret the black box are composed of four basic components:
 linear elastic spring (Hook's material) - Proper configuration of perfectly plastic and perfectly elastic body creates a rheological model that will represent the phenomenon of superelasticity of SMA. The perfectly plastic body is responsible for energy dissipation of the structure, while the perfectly elastic, along with linear elastic springs, are responsible for energy accumulation.
Rheological models
The different sets of rheological components were analysed as an interpretation of SMA's black box in Fig. 2a . The simplest of the considered rheological schemes was composed of elastic spring and configuration of perfectly elastic with perfectly plastic body (Fig. 3) . The hysteretic loop of this system clearly shows superelasticity phenomenon. At the beginning of the loading the displacement of the mass is linear and depends on the spring stiffness ( 2 k ). When the force reaches a certain level, equals to 0 0 P T  , a characteristic plateau, related to phase transformation, appears. This model does not present hardening during the phase transformation. The unloading path is parallel to the loading one and contains another plateau, related to revers phase transformation, at the level of force to be equal 0 0 P T  , and reaches the value of 0 upon further force decrease. https://doi.org/10.1051/matecconf/201819601049 XXVII R-S-P Seminar 2018, Theoretical Foundation of Civil Engineering The equation of motion of the oscillator is given by the following differential equation
where   F t is external excitation,  
S t is a force response of rheological model and
X is a m mass displacement. This equation is of an universe nature and can be applied to all of the considered oscillators. The internal force in SMA black box is given by
The rate of deformation of the phase transformation is given by: 
The aim of the second rheological scheme was to represent the hardening nature of the phase transformation from austenite to de-twined martensite (the arrow no. 1 in Fig. 1 ). It was obtained by the addition of the second parallel spring (Fig. 4) . The change of rheological scheme keeps the validity of equation (1), but results in the modification of the force response equation (2) , in the following manner
Moreover, the internal force S in equation (3) should be replaced by 2 S . The third rheological scheme represents, in the addition to the second one, the phenomenon of the locking that occurs after the phase transformation while the loads are still increasing. This result was obtained by addition of an elastic body with limited strains (Fig. 5 ). For this rheological schemes equations (1) and (4) 
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Numerical application
Let us consider a cantilever of the length l with a mass m located at the end and the vertical load   P t applied to the mass (Fig. 6) . The cantilever is composed of n SMA rods MATEC Web of Conferences 196, 01049 (2018) https://doi.org/10.1051/matecconf/201819601049 XXVII R-S-P Seminar 2018, Theoretical Foundation of Civil Engineering embedded in soft matrix (the influence of the matrix to the stiffness of the cantilever is neglected). Fig. 6 . Cantilever subjected to vertical force excitation.
The geometrical variables are presented in the Table 1 along with mechanical parameters estimated based on experimental results presented by Auricchio and Sacco [14] . Based on the values shown in Table 1 the required characteristics of the components of rheological model visualised in Fig. 5 , where calculated and given in Table 2 . The applied harmonic load is given by The presented equations (1), (4) and (5) were implemented in Wolfram Mathematica software. The set of differential equations was numerically solved applying NDSolve function by incorporation of forward Euler (ExplicitEuler) method. The results are presented below as a set of graphs showing the time histories of the mass displacement ( X ) and the phase transformation displacement ( tr X ) (Fig. 7) as well as rate of displacement ( X ) (Fig. 8) . The hysteretic loop of the analysed oscillator is depicted in Fig.  9 . https://doi.org/10.1051/matecconf/201819601049 XXVII R-S-P Seminar 2018, Theoretical Foundation of Civil Engineering 
Conclusions
Results of the presented numerical example show the validity of the formulation. It should be emphasised that the proposed methodology of the formulation of SMA constitutive equations is based on original rheological schemes. It results in explicit form of differential equations defining all of the presented models. Such system of equations can be easily implemented in mathematical software.
The presented formulation of constitutive relations could be exploit in the dynamic analysis of a vibration of different structural elements (such as beams, frames or trusses). The equations could be directly implemented in the commercial FEM codes as a user's subroutines (e.g. UMAT and VUMAT subroutines in Abaqus [8] [9] [10] [11] ).
